JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 20, No. 4, July-August 1997

Stochastic Analysis of the Interception
of Maneuvering Antisurface Missiles

Y. Lipman,* J. Shinar,” and Y. Oshman*
Technion—lIsrael Institute of Technology, Haifa 32000, Israel

The interception of a maneuvering antisurface missile, as in ballistic missile defense and ship defense scenarios,
is formulated as an imperfect information, zero-sum, pursuit-evasion game with a state constraint imposed on the
evader. Assuming that the perfect information version of the game does not yield a successful result for the defense,
the solution of this game is in mixed strategies. The blind antisurface missile is programmed to perform a random
maneuver sequence. The guidance law of the interceptor missile includes a bias, which partially compensates for
the inability to achieve a satisfactory deterministic outcome and yields a nonzero probability of success. Moreover,
the defense system must launch the interceptor missile at a randomly selected initial range from the incoming
antisurface missile based on the solution of a game of timing. A new methodology is presented to assess the
probability of successful interception as a function of the parameters of the scenario.

I. Introduction

UCCESSFUL interception of antisurface missiles attacking
high-value targets by defensive guided missiles, such as in bal-
listic missiledefenseand shipdefensescenarios,presentsan extreme
challenge to the missile community. Tactical ballistic missiles, as
well as modern antiship missiles, fly at very high speeds, and as a
consequence their maneuvering potential is comparable to that of
the interceptors. Successfulinterceptionof such a threat, carrying a
lethal warhead, requires a small miss distance or even a direct hit.
Although hit-to-kill performance against missiles flying at straight
or ballistic trajectories was recently demonstrated, new studies in-
dicate that similar guidance accuracy cannot be achieved against
highly maneuvering targets >3
In previous papers, the interception of antisurface missiles was
formulated as an imperfect information, zero-sum, pursuit-evasion
game with trajectory constraint imposed on the blind evader (the
antisurface missile).*~” For the sake of analytical simplicity and
generality, the analysis used linearized planar kinematics, simpli-
fied dynamic models, and nondimensional variables. The solution
was based on earlier obtained results of the perfectinformation ver-
sions of the game. The unconstrained perfect information game®
was motivated to analyze classical antiaircraft missile engagements
(both air-to-air and surface-to-air) and served as the basis of sev-
eral further studies,’~!'? such as extensions in the same context to
three-dimensional space and imperfect information scenarios. A
simplified analysis of a ship defense scenario in a game of tim-
ing formulation was presented in Ref. 5. Detailed solution of the
perfectinformation game with constraint was presented in Ref. 13.
Itindicatedthat the constraintimposed on the evader becomes active
and affects the solutiononly if the interceptiontakes place at a rather
short range from the target. Because in the majority of practically
important scenarios (such as the interception of a tactical ballistic
missile with a nonconventional warhead) this is not the case, the
present paper concentrates on the unconstrained game model.
The objectiveis to extend the solutions presented in Refs. 5 and
7 by outlining a more general analysis of the imperfect information
game. After formulating the missile vs missileinterceptionscenario,
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the solutionof the perfectinformation versionof the game (the worst
case fromthe defensepointof view) is briefly reviewed. The analysis
of the imperfect information game is nontrivial only if the perfect
information game solution predicts that the guaranteed miss dis-
tance is larger than the lethal range of the interceptor warhead. A
new methodology s then introduced that shows how to compute the
probability of successful interception avoidance of the blind anti-
surface missile as a function of the scenario parameters. A detailed
analysis of the corresponding game of timing is presented.

II. Problem Formulation

The analysis of the missile vs missile engagementis based on the
following set of underlying assumptions.

1) The designatedtarget T’ of the antisurface missile A, protected
by the defense system, is stationary.

2) The engagement starts when the interceptor missile D is
launched against A.

3) D has perfect information on A, but A has information only
on T and no information on the position of D. The parameters of
the engagement are known to all.

4) The interception of A by D must be completed within the
maximum effective range of the defense system before A enters a
prescribed safety zone, defined with respectto 7.

5) If the interception fails, A hits and destroys 7T'.

6) The conditions of the engagement are such that the trajectory
constraintsimposed on A (in order for it to reach the target T after
avoiding interception) do not become active.

7) The engagement between the two missiles takes place in a
plane.

8) Both missiles have constant velocities V; and limited lateral
accelerations|a;| < (a;),,. . J = A, D.

9) A is assumed to have instantaneous dynamics, while the dy-
namics of D is expressed by a first-order transfer function with the
time constant v.

10) The trajectory of both missiles can be linearized about the
initial line of sight.

Following assumptions 8 and 10, the time of the game (¢/) is
determinedby the ratio of the initialrange (defined along the X axis)
to the closing velocity. Based on assumptions 8 and 9, the equations
of motion normal to the initial line of sight and the respectiveinitial
conditions are written as

Ya =1, y4(0) =0 (1a)
Y =ajy, y1(0) = yi, (1b)
Yo = 2, yp(0) =0 (1c)
Y2 = Y3, ¥2(0) = yz (1d)
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where ajj and aj, are the commanded lateral accelerations of A and
D, respectively,

vl <1 2

a; = (aA)maxUs
a;) = (aD)maxus |Ll| <1 (3)

The nonzero initial conditions y;, and y,, represent the respec-
tive initial velocity componentsnot aligned with the line of sight. By
assumption 10, these componentsare small compared to the compo-
nents along the line of sight. Defining the pursuer/evader maneuver
ratio

A: (aD)max (4)

u
(aA )max

the normalized time-to-go

o = (1, — 1)l v, 0(0) = 6, )

and the normalized zero effort miss distance

- + 00y, — y,) — UPys(e?+0—1
Z0) (Ya — ¥p) (1 l)2ayz) 3 ( ) ©)
A max

and using these definitions in Egs. (1) results in a one-dimensional
differential game

dz
— =pue ' +0—1Du— 6,

90 Z(&) =20 (D

The payoff function J of the engagement is the probability of
successful interception-avoidance It is defined via a lethality func-
tion @(M), depending on the relationship between the normalized
lethal radius of the warhead M* and the normalized miss distance
M and expressed as'

1 i M> M
PM=10 i M=m ®
J = E[DO(M)] ©)

Note that the definition of @(M), Eq. (8), is not an inherent feature
of the ensuing analysis and can be replaced with any other lethality
function.

The objective of D is to minimize this payoff function, i.e., to
maximize the probability of successful interception, whereas the
objective of A is to maximize it.

III. Perfect Information Game
In the perfect information game, the deterministic cost function
is the normalized miss distance. This game® has only a single state
variable Z with the dynamics described by Eq. (7). The solution
is governed by a single parameter p and is characterized by the
existence of a minimal tube (see Fig. 1), which is reduced to a
single pointat 6 = 6,(u), the nonvanishingsolution of the equation

O=puE+0-1) (10)

For 0 < 6,,as well as outsidethe minimal tube, the optimal strategies
are bang-bang, i.e.,

u (6, Z) = v*(6, Z) = sgn(Z), Z#0 (11)

and the value of the game is a unique function of the initial condi-
tions. The boundariesof the minimal tube are obtainedby integrating
Eq. (7) usingEq. (11). The segment0 < 0 < 6, ofthe O axis(Z = 0)
is a dispersal line of the evader A, where the optimal maneuver can
be either to the left or to the right, by a random selection. Inside
the minimal tube, in the region where 0 > 6, (denoted as T}), the
optimal strategies are arbitrary. All of the trajectoriesstartingin 13,

Fig.1 Solution of the unconstrained perfect information game.

reach the point (6 = 6,, Z = 0), and the value of the game (the
guaranteed normalized miss distance from 7)) is constant:

I =6 —(u—16 /2= M) (12)

The major conclusiondrawn from this analysis has been thatif u is
sufficiently large (u > 2, atleast), then the guaranteedmiss distance
is negligibly small. In future missile vs missile engagements, such
a favorable maneuver ratio may not exist. Therefore, the results of
Ref. 8 should be reexamined for smaller values of yt. For u < 1, T}
does not exist. In this case, the values of M| have to be obtained by
integrating Eq. (7) directly with the appropriate 6. In Ref. 5, it was
shown that very large miss distances, unacceptable for antimissile
defense, are obtained for 4 — 1.

Depending on the value of M* (the nondimensionallethal radius
of the warhead of D) the saddle-point value of the miss distance
may or may not be satisfactory for an effective defense. Because in
reality A has no information on D, in most cases the actual miss
distance will be smaller, as analyzed in the next section.

IV. Imperfect Information Game Analysis
Heuristic Strategies

In this section, it is assumed from th% outset that the parameters
of the scenario are such that the ratio n = M*/ M, is unsatisfactory
for the defense (M* < M; = n< 1). Otherwise the entire analysis
is irrelevant.

The information structure of the game is asymmetrical. It is as-
sumed that the defense system has perfect information on the po-
sitions of both A and D but A knows only its own position with
respectto 7. The fixed parameters of the engagement are assumed
to be known to all.

Without information on the position of D, an optimal evasion of
A, inthedeterministicsense,cannotbe performed.Thus, A mustma-
neuver randomly using a mixed strategy,inasmuch as a straight-line
flightor a maneuverto a fixed directionis predictable. The results of
the perfect information game® indicate that for achieving the guar-
anteed miss distance M, there must be a maximal maneuver to the
same direction for a duration of at least 6, before the interception.

These observations lead to the following intuitive guidelines for
the structure of the evasive maneuvers.

1) The maneuvering sequence shouldcoverthe entire interception
range of the defense system using maximum lateral acceleration.

2) The optimal sequence must employ a small number of ran-
domly timed direction changes (switches).

3) The duration of each maneuver should be of the order of 6,.

In summary, the parameters of a pure evasive strategy are the
switchingdistances from 7'. The randomselection of the parameters
creates the mixed strategy of A.

In this situation, the defense system, in spite of having perfectin-
formation, must select the time for launching D randomly, covering
the entire feasible domain (otherwise A, knowing the interception
range, can plan a deterministic optimal evasion). The best launch
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direction, in a perfectinformation scenario, is toward the predicted
collision point. In the imperfect information scenario of interest
(n < 1 and random maneuvers of A) a nonzero initial bias, based
on a presumed continuous maneuver, may be considered. The mag-
nitude of this bias and its directioncan be random. Thus, the defense
also applies a mixed strategy.

Solution Methodology

There exists no general solutionmethodology for imperfectinfor-
mation games in a continuousstate space. Discretizationof the state
space does lead to a numerical algorithm, the complexity of which
becomes prohibitive as the number of partition cells increases. A
novel approach, developed first in Ref. 11 and extended to games
of timing in Ref. 14, is presented herein for the analysis of missile
vs missile interception scenarios with imperfect information.

Pure Strategies

The first stage of the solution is to define a pure strategy set for
each player. One can discretize the parameter space of these pure
strategy sets and create a matrix game in which different combina-
tions of strategies of D are mapped into differentrows and different
combinations of strategies of A are mapped into different columns.
Each element of this matrix correspondsto a unique combination of
a pure strategy pair in the discretized game space. The outcome of a
game scenario, played with such a combination of pure strategies, is
the probability of a successful interception avoidance as expressed
by Eq. (9). By solving this matrix game with sufficiently fine dis-
cretization, one can closely approximate the optimal distribution
over the parameter space of both players, i.e., their optimal mixed
strategy.

Based on the guidelinesmentioned earlier, the pure strategy struc-
ture of the two players will consist of the following.

A will fly toward its designated target and at a selected time will
start its maneuver sequence. This sequence will consist of maximal
acceleration maneuvers with randomly timed direction changes. It
is assumed that the random duration d between any two consecutive
direction changes (switches) of the maneuver has a well-defined
distribution function Fs [and a corresponding probability density
function (PDF) pys, if it exists].

D will select the moment for launching the interceptor, the di-
rection of the launch, and a guidance law out of n optional biased
guidancelaws. The minimal number of biased guidancelaws needed
to cover the entire reachable set (possible final locations) of A can
be computed. It is assumed that each biased guidance law is a mod-
ification of Eq. (11), derived from the perfect information game
solution by inserting a time-varying bias function {b;(0)}7_:

u; = sgn[Z — b;(0)] (13)

The launchdirection,compatible with each guidance law, eliminates
the argument of the sign function in Eq. (13) at &,

Z(6) = bi(&) (14)

For any pair of interceptor guidance law and maneuver sequence
of the antisurface missile, there exists a game of timing,’ as de-
scribed in the sequel. In this work, it is proposed to separate the
analysis of the end game from that of the game of timing, thus
rendering the computation of the probability of a successful inter-
ceptionavoidance manageable. Solving the end game and the game
of timing together would have created a very large matrix game,
requiring a brute force solution. In addition to an excessive compu-
tational burden, the insight gained by separating the two different
games would have been lost.

Stochastic Process

Define 6, as the normalized time-to-go of the evader’s first ma-
neuver. For any arbitrary values of @ and 9,,, Fs and b; (6) determine
a stochastic process whose sample functions are trajectories in the
gamespace (6, Z). These trajectoriesare composed of segments, de-
noted as Z[6; (8, Z;)], where (0., Z;) is the segment starting point
in the game space and 0 is a running parameter along this segment.

(Winning
zone of D

M
)
ML -

Fig.2 Stochastic process.

A sample trajectory is schematically depicted in Fig. 2, where it
is assumed that the slope of b;(0) is zero for 6 > 0,. The trajectory
starts on the switching line of D at € and terminates at 6 = 0.
Assuming that ¢ > 1, then for 6, > 6, (which corresponds to the
trajectorydepictedin Fig. 2), D cankeepthe trajectoryon the switch-
ing line, independently of the maneuvers of A, as longas 8> 6,.If
the maneuvering sequencestartsat 6,, > 6, the trajectoryleavesthe
switching line of D at 6, toward the direction of the last maneuver.
Otherwise, the trajectory may leave the switching line of D at 6,,.
This first maneuver (always away from the switching line of D) is
along a trajectory segment, defined as Z,(6) 2 Z16; (8, b;(9))],
where 6, is the normalizedtime-to-go at which the trajectory departs
from the switching line. Notice that this trajectory is generated by
using the strategy pair u; = v; = sgn[Z — b;(0)]in Eq. (7); hence, it
is parallel to an optimal trajectory of the perfect information game.

Because A maneuvers randomly, an additional switch in its con-
trol can occur at some 6 = n > 0. The new trajectory segment
generated by theAstrgtegy pair u; = —v; = sgn[Z — b;(0)] is de-
noted by Z,(0) = Z[6; (n, Z,(n))]. If A switches againat 6 = §
(before the trajectory crosses the switching line of D), a new seg-
ment, defined as Z,(0) = Z[0; (&, Z,(&))], is created. Whenever a
trajectory of the type Z crosses the switching line of D, the switch
of control by D creates a trajectory segment of the type Z.

To compute the lethality function [Eq. (8)] corresponding to a
specific sample of the stochastic process, the terminal surface of the
game (0 = 0) is divided into two parts: the winning zone of D,
characterizedby M < M* (see Fig. 2), and the winning zone of A,
where M > M*.

Any sample trajectory, passing through some switching point of
A, (6, Z;), ends at a randomly distributed point [ = 0,Z =
Z (6, Z)] (which constitues an implied definition of Z,). If at
that switching pointa trajectory segmentof the type Z is generated,
the end point of the sample trajectory is denoted by Z (6, Z;). In
an analogous manner, Z (6, Z;) is defined as the endpoint of the
sample trajectory if at the switching point a trajectory segment of
the type Z is generated.

For any switching point (0, Z) of A in the game space, the fol-
lowing four events are defined. Let A be the event that A will not
perform any additional switch until the end of the game, i.e.,

A= (5(0) = 6) (15)

where 6(0) is the duration of the maneuver starting at the switching
point (0, Z). B is defined as the event that A will perform at least
one additional switch until the end of the game, i.e.,

B = (A) (16)

Let C be the event that at the point (68, Z) a trajectory segment of the
type Z, which ends within the winning zone of A, is generated, i.e.,

CE={D[Z,(6, 2)]1 = 1) (17)
Analogously, D is defined as

D= {D[12,(6, Z)I] = 1) (18)



710 LIPMAN, SHINAR, AND OSHMAN

For each such switching point (6, Z), two probability measures P,
and Q) are defined:

Py(6, Z) & Prob{C} (19)
00(6, Z) & Prob{D} (20)

In the sequel, two coupled integral equations whose solution com-
prises the probability measures Py(6, Z) and Qy(6, Z) are derived.

Consider first the event C. Using the total probability theorem
yields

Prob{C} = Prob{C| A}Prob{A} + Prob{C | B}Prob{}5} 21)

because A and B comprise a partition. Qutruling concentrated mass
probability at 6 = 6 for practical reasons yields

Prob{A} =1 — F5(0) (22)
Suppose that no additional switch has occurred until the end of the

game. In this case, the (deterministic) endpoint of the trajectory,
denoted by z;‘(e, Z), can be computed. Therefore,
Prob(C| A} = @[ |Z7(6, 2)|] (23)

To compute the second term in Eq. (21), the time interval [0, 6] is
divided into N equal subintervals of the size

AO=6/N (24)

The event BB can be partitioned into N disjoint subevents

= LI_VJBI' (25)
i=1

Here, B, is the eventthat the first additional switchhas occurredat the
point [7;, Z(7;)] {here Z(7;) is a short notation for Z[;; (0, Z)1},
where 7; belongs to the ith subinterval, i.e.,
0—iAO<  <0—(—1A0, i=1,...,N (26)
Because 6 = 0 — 7, for large N, Prob{3;} can be approximated by
Prob{B;} ~ ps(60 — ;)4 0 27
Additionally, using the definition of Q, [Eq. (20)] yields
Prob{C| B;} = Qo[ Z(7)] (28)
Accordingly,
N ~
~ 2 Quli Z(Ips0—1)A 0 (29)

i=1

Prob{C | B}Prob{B}

Taking the limit N — oo and A 6 — 0 and substituting Egs. (22),
(23), and (29) in Eq. (21) yields the following integral equation:

Py(0, Z) = [1 — F{0)1®[| 216, 2)|]

0
+/ Ps(0 — 1) Qoln, Z(m)]dn (30)

0
The same reasoning can be used to derive the analogous integral

equation for the probability measure Q,,

00(0. 2) = [1 — Fy(0)]@[| 270, 2)]]

0
+f ps(0— O PlS. Z(O)1dS (31)
0

where Z(§) is defined analogously to Z(n).

Notice that whenever the trajectory segments cross the switching
line of D, the Qy and Py under the integrals of Egs. (30) and (31)
will be replaced by P, and Q,, respectively.

For any given probability distribution of the random maneuver
sequence, Fs, lethality function @(| Z ¢|) and location of the (biased)
switching line of D, b;(0), the values of Py and Q, at any point in
the game space can be found via a solution of the coupled integral
equations (30) and (31).

In the analysis presented so far, the functions Py(6, Z) and
Qo(6, Z) were computed referring to switching points of A. At
a point (0, Z), which is not a switching point of A, the probabil-
ity of A to reach its winning zone depends also on the normalized
time elapsed from the last switch of A, denoted by A . In this case,
the probability of success of A is denoted by P, (6, Z) if the point
(0, Z) is on a trajectory of the type Z, or by O, (0, Z) if the trajec-
tory is of the type Z. The computation of P, (6, Z) and Q, (6, Z)
is discussed in Appendix A.

If & > 6, D canguaranteethatall trajectorieswill go throughthe
same point,determined by the biased guidance law, at ;. Therefore,
in this case, which characterizes the majority of scenarios of inter-
est, the probabilities P, and Q4 have to be computed only at that
point.

Mapping of the Matrix Game

Any cell of the matrix game represents a combination of a partic-
ular probability distribution of the random maneuvering sequence,
a specific biased guidance law, and a pair (8, 6,,). Each such cell
has to be associated with an adequate value of the payoff func-
tion. Based on the actual information pattern two basically different
situations can be distinguished. If D knows the direction of the
current maneuver of A, it can launch toward an appropriate biased
direction, thus enhancing its probability of success. In this case,
the payoff of the matrix cell is Q. If, however (as can be gener-
ally expected), D knows only the current position of A but has no
information on the direction of its maneuver, the selection of the
biased switching line has to be random and the resulting probability
of interception avoidance is the weighted average of the respective
values of P and Q. Examples to both cases will be given in the
sequel.

If A starts its maneuver sequence after the launchof D, i.e., §, <
&, the valuesof Py and Q, canbe computed using [6,,, b;(0,)] as the
starting point of the stochastic process, as detailed in the preceding
subsection.If, however, 8, > &, then the avoidance probabilitiesof
A, denoted in this case as P, [&), b; ()] and Q4 [&), b;(&)] should
be computed by averaging over the random time A , elapsed from
the last switch of A until the launch, as shown in Appendix B.

V. Example: Random Telegraph Maneuver

In this section, it is assumed that the random maneuver sequence
of A is of the random telegraph type (frequently used in missile
analysis" ). The probability distribution of this maneuver sequence
is Fs(a) = 1 — exp(—Aa). The corresponding stochastic process
is characterized by the single parameter A. The average duration
between any two subsequent direction changes (switches) is 1/ 4,
and the probability that there will be no switch during a given period
of time A ¢ is equal to exp(—AA t). This probability is independent
of any past event, i.e., the process has no memory. Thus, for such
a maneuver, the probabilities P and Q do not depend on the time
elapsed from the last switch of A and, therefore, P = Py = P, and
0 = Oy = Qx . Three different interceptor guidance strategies are
consideredin the sequel.

Unbiased Interceptor Guidance

Assume first that 1) the guidance law of the interceptor is the
one of the perfect information game,® 2) the evader acceleration is
not estimated, and 3) the initial conditions are inside the minimal
tube. In this case, the switching line of D is Z = 0. For this case,
lines of constarAltprobability of interceptionavoidance are shown in
Fig. 3 for A6, = A; = 2.0, n = 0.54, and 4 = 1.3. Because both
functions are symmetrical with respectto the switching line Z = 0,
lines of constant P are plotted in the upper-half of the game space
(Z > 0) and of constant Q in the lower-half (Z < 0). The dotted
lines represent the optimal trajectories resulting in M, (see Fig. 1).
Because the majority of practical initial conditions are inside the
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Fig.3 Lines of constant probability of interception avoidance without
bias, A\; = 2.0 and . = 1.3.

01 4q

Fig. 4 Value of the imperfect information game without bias.

minimal tube with AQ > 0, i.e., in Dy, the most important result
is the value of P, = P(6, Z = 0), representing the guaranteed
probability of interception avoidance (in the example, P, = 0.562).
This is the value of the imperfect information game, assuming that
the interceptor uses the deterministic guidance law of Ref. 8. This
value dependson the engagementparameters tt, 1, and A, as plotted
in Fig. 4 for the fixed value of 1 = 1.3. Two major conclusionscan
be drawn from these results.

1) The interest of A is to use a value of A, as small as possible.
Practical considerations prohibit A = 0, and a lower bound of A, i,
has to be established, such that the probability of hitting the real
trajectory constraint (which is neglected by assumption 6) will be
negligible.

2) In spite of the information advantage and even for high values
of 1< 1, the probability of a defense failure using the deterministic
guidance law of Ref. 8 reaches very large values.

Biased Interceptor Guidance

The probability of a defense failure can be reduced by using a
bias either in the initial launch direction and/or in the guidance law.
If 0.5 < n < 1, then it is easy to find a bias that guarantees that
every second antisurface missile, on average, will be intercepted
and destroyed or that two interceptors fired against the same target
with different biases will guarantee the protection of a defended
site. Without being able to estimate the accelerationsof A, the bias
must be selected randomly and the guidance law must also include
a compatible time varying bias b;(0).

The objective of the bias in the guidance law is to achieve a
certain successful interception if A maneuvers in the correctly as-
sumed direction and to maximize its probability even if a direction

change occurs. In Ref. 14 the following time-varying biases were
selected:

bi(0) =171 —w) +pu(e®+6—1)—0.8M* (32a)
by(0) = —b(0) (32b)

where the coefficient of 0.8 provides 20% of safety margin. The
two biased switching lines are parallel to the boundaries of the
minimal tube. They intersect twice on the 6 axis, at 8 = 6" and
0 = 0p, as can be seen in Fig. 5. The last time to select the sign
of the bias is Oz(n, 1) > 6,. The existence of the bias modifies the
avoiAdanceprobabilityfunctiorAls P(6, Z)and Q(6, Z). The valuesof
Py = P(63,Z =0)and Q3 = Q(6, Z = 0) are notequal to each
other (Qp < Pg). If the selection between b, and b, is performed
randomly with equal probabilities, the relevant payoff function
is

a P+ 0p
2

P (33)
Using Estimated Evader Acceleration

If the defense system can accurately estimate the lateral acceler-
ations of A, a better result can be expected. Using the information
on the acceleration of A obtained before 6, the interceptor can
determine the direction of the correct bias by sgn(v) and reduce
the probability of interception avoidanceto Q z. Assuming an ideal
estimation, the value of Qp is plotted in Fig. 6. It can be seen
that, for a given 7, there exists a value of A, = A} that maximizes

Os.

Fig. 5 Biased switching lines, b;(6) and b,(0), in the imperfect infor-
mation game.

0.8 T T T T T T T
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Fig. 6 Qp as a function of \; and 7, for 1 =1.3.
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A comparison between the different cases with these parameters
and with A;,;, = 0.3 has shown that the success probability of A
is 0.92 against a guidance without bias and 0.48 againsta guidance
with a random bias (in both cases, A = A, = 0.3). When a
guidance with the correct bias is used, the probability of success for
A is reduced to 0.39, and the optimal value of A; of the maneuver
is thenin the range 1.0 < A¥ < L.5.

It is of common experience that acceleration estimation is typi-
cally characterized by a slow convergencerate. Any delay in iden-
tifying the correct direction of the target acceleration increases the
probability of interception avoidance, though it will always remain
lower than in the case of a random guess. The information delay
also reduces the optimal value of A}.

VI. Game of Timing

In the preceding section an end-game analysis was carried out,
facilitating the evaluation of the probability of successful intercep-
tion avoidance by random maneuvering. These results show that the
probability of interceptionavoidance apparently assumes three dif-
ferent (constant) values, depending on the length of the end game,
thus justifying the proposed separation of the analysis into two
phases. The point of reference for the analysis presented in that
section is the time of closest approach (6 = 0), determined by the
randomly selected time of launching the interceptor missile. More-
over, the randomly selected starting time of the maneuver sequence
is assumed to be given. As mentioned earlier, the optimal selection
of the time for these actions is the solution of a game of timing,
presented in this section.

In this section, it is assumed that A uses exactly the same random
telegraph maneuver sequence with A = A* (as in Sec. V) and D
applies a biased guidance law, based on an instantaneous identifi-
cation of the maneuver direction of A. For illustrative purposes and
for the sake of simplicity, a point defense scenario is considered.

The randomly selected time of launching D determines the dura-
tion & of the game. The probabilistic outcome of the end game is
jointly determined by 6, and the random starting moment 6,, of the
maneuver sequence of A.

Depending on the randomly selected values of 8, and 8, three
different outcomes are possible.

1) The maneuver sequence of A has started too late and, there-
fore, the resulting miss distance is too small (M < M*). Thus, the
probability of a successful interception avoidance is zero.

2) The maneuver sequence has started near the time of closest ap-
proach. The maneuvercan generate sufficiently large miss distances
M > M*, but the time left for using the estimated maneuver for the
selection of the appropriate guidancelaw is not sufficient (6 > 6,,).
In this case, the probability of successful interception avoidance is
P =(Py+ Q3)/2.

3) If the time suffices for the selection of the appropriate biased
guidance law (6 < 6,), the probability of successful interception
avoidanceis Qp.

This situation can be formulated as a classical game of timing, as
shownin Fig. 7. The designerof the antisurfacemissile preprograms

Xam {XA =X, +1V,0,

(®, =65)
Ko X, =X, +1V,8

(0, =0"
L Xa=X; 0,=0

S
XAI, N
Xy =Row L
Xtmm =R,, Xfmnx =R . X,

Fig.7 Outcome mapping in the game of timing.

the range X,,, from the surface target 7 where the maneuver se-
quence should start. The defense system selects to launch the in-
terceptor when the antisurface missile reaches the range X 4, and
determines in this way the duration of the engagement, as well as
X, = §uV), the distance where the interception will take place.
Obviously, the time for launching D has to be selected randomly to
satisfy

Rmin = Xf = Rmax (34)

where R.;, and R, are determined by the performance of the
interceptor missile and safety considerations. If these limits are
known also to the opponent, the extremal values for selecting X 4,,
will be

XAmin = Rmin (35)
and
XAmax = Rpax + UQ\- Va (36)

(Note thatlargerrangesthan X 4 ... will notyield any benefit because
interception cannot take place beyond R,,,,. Starting to maneuver
earlier would only increase the detectability of maneuver direction.)
The three zones of different outcome are displayedin Fig. 7.

The classical methodology for solving game of timing is outlined
in Ref. 16. We will use the conceptof equalizer strategies described
there. A mixedstrategyis called an equalizerstrategy if it guarantees
the same outcome against each possible strategy of the opponent.
If one can find equalizer strategies for both players with the same
outcome, the game of timing is solved. The constant outcome is the
value of the game.

Because QO < P, the objective of A is to maximize the proba-
bility of being in the small zone where the probability of successful
interception avoidance is P. Therefore, it will select X ,,, only in
the region X 4, < X4,, < X4u where such an outcome has a high
probability. It has to divide this region to the smallest number n of
subregionssuch that, for any selection of Xy by D, at least one out
of the n possible selections of A will result in an outcome of P. In
Fig. 8, an example of four subregionsis shown.

In general, A will selectone outofn possibleelements {X 4, }'_ .
Let A select the subregion i with probability ;. If D selects X ¢,
(see Fig. 8), the outcome for A will be

Jy=a P (37)
If D selects X ;,, the outcome will be
Jy= 05+ aP (38)
and, in general, if D selects X ;,, the outcome will be
Ja=(+on+-+a )0s+aP (39)

Equating all of the outcomes leads to the following recursive rela-
tionship:

Qi1 =49 (40)
where
g=1-(Qs/P) 41
With the normalization on

Q; Zoc,-zl)

i=

this leads to
1—gq
S (42)
and
o]
In=y— o 43)



LIPMAN, SHINAR, AND OSHMAN 713

Xam
| 1
. ! .
! |
| | |
Qe
| ! |
al ] 77777777\77777 | T
|
a e I i |
2 | . { |
‘ ;P |
| | |
| | |
O = | i I
| | 0 |
| | |
| | |
| | ]
Xf4 Xf.’s Xfl Xf) Xf

Fig. 8 Selection of segments by the attacker.

This mixed strategy for A will be optimal if there is also an
equalizer strategy for D yielding the same guaranteed outcome.
Assume that D also divides the domain of the admissiblelaunching
ranges [Eq. (34)] into a maximum number of subregions, such that,
for any selection of X,,, by A, the outcome will be P only in a
single subregion at most. Such a decompositionis shown in Fig. 9.
The probability of D to select any subregion j is denoted by J; (the
probability of selecting the shortest interception range being ).
In a similar manner to Egs. (37-39), the explicit equations for an
equalizing strategy of D are

Jp =8P (44)
Jp =805+ 8P (45)
Jp=(8 + &+ +8_1)0s + 5P (46)

yielding, in an analogous manner,

6j+1 =q5j 47
l1—¢q
51 = 1_—qn+l = 0 (48)

and the guaranteed outcome for D, which becomes the value of the
game, is

Qs

JD: 1_qn+l

=Jy,=J" (49)

The number of subregions n to be selected by both sides is the
largest integer, which is still smaller than

R — Ry
’ — max min 50
" AX, (50)

where
A X, E 0V, (0 — 09) 51)

If n’ is not an integer, the subregions overlap. The width of each
subregion and the selection inside the subregionsis arbitrary.

If the maneuvering sequence starts at or before X 4, [given by
Eq. (36)], the worst result that A can achieve is bounded by Q. As
can be observed from Eq. (49), the difference between this outcome
and the optimal value of the game, J*, is rather small depending on
the numerical values of ¢ and n.

If, instead of the optimal mixed launch strategy [given by &* =
(8,...,6,) in Egs. (47) and (48)], the defense selects a uniform
probability distribution, the outcome is bounded by

Jy = 0y + 22 (52)
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Fig. 9 Selection of segments by the defender.

For an illustrative numerical example, the same data as in the
precedingsectionare used. These datagiven =4, Q(4, = 1.5) =
0.393, and P = 0.408. Substitution in Eq. (49) results in J, =
(1+ 6.7 x 107%) Q5. Obviously, this resultis very close to Q5.

Substitutingthe data in Eq. (52) yields Jy < 0.396 = 1.00960 3.
Again, this result approximates Qp very closely, and thus with
the data of the given example, both players can use simple strate-
gies for the selection of their ranges (early maneuvering of A and
uniformly distributed launch time), without obtaining practically
worse results.

VII. Conclusions

A new methodology is presented for analyzing future missile vs
missile scenarios, for which a deterministic investigation predicts
an unsatisfactory defense performance. In this case, both sides (the
designer of the antisurface missile as well as the defense system)
must use random (mixed) strategies. A generalized approachis out-
lined for computing the probability of successful interception (or
interception avoidance) as a function of the scenario parameters.
This approach may be applied also to other differential games with
similar information pattern. Using an example, it is demonstrated
that the computationbecomes easily manageableif the random ma-
neuvering sequence of the antisurface missile is assumed to be of a
random telegraph type.

The new methodology creates a fresh insight into the complex
nature of this very critical problem. It also generates a powerful re-
search potential to evaluate design and operationaltradeoffs for cur-
rentlydesigned,as well as future antimissiledefensesystems. Future
analyses facilitated by the new methodology include: detailed para-
metric analysis of future antimissile defense scenarios, sensitivity
assessment of the homing performance of currently developed de-
fense systems to antisurface missile maneuvers, and development
of efficient defense strategies against unpredictably maneuvering
antisurface missiles.

Appendix A: Derivation of P, and O,

When (6, Z) is nota switching pointof A, the normalizedtimeA ,
which elapsed from the last switch of A, determines the avoidance
probability measures P4 (6, Z) and Q4 (6, Z).

Let y denote the duration froAm the currentnormalized time-to-go
0 until the next switch,i.e.,y = 6(0+A) —A, where (60 +A4 ) is
defined analogouslyto the definitionimplied in Eq. (15). Notice that
the definition of A yields Prob{y < 0} = 0; hence, the probability
distribution of y is

F,(a) =Prob{y <aly > 0} =Prob{d<a+A |6> A}
= [1 = F5A)] ' [Fs(a+A4) = Fs(A)] (AD)
and, by differentiation, its PDF is

py(a) =[1— Fs(A)] ' ps(a+A) (A2)
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Replacing in Egs. (30) and (31) the functions ps and Fs by p, and
F,, respectively, yields

Py (0.2) =[1 = Fs)) ' { [1 — Fs(0 +2)10[| (6. 2) ]
6 ~
+/ Ps(0+4 —mQoln, Z(m]dn (A3)
0
04(0.2) = [1 = FA)]'{ [1 — Fo(0+2)10[| 26, 2)]]

0
+ / ps(0+A — OP[L, Z(0)1dg (A4)
0

In these equations, the terms 2}4(9, Z), 2}4(9, Z), Z(n), and 2(@
have the same meaning asin Sec. IV exceptthat here the point (6, Z)
(referred to in their definitions) is not a switching point.

Appendix B: Derivation of P, and 0,

Let o denote the time interval from the beginning of the maneuver
sequence to the launch moment, i.e.,

o260, -6 (B1)

The time elapsed from the last switch of A prior to the launch
momentA is a mixed random variable. To determine its probability
distribution function, the following possibilities are considered.

1) No additional switch has occurred until the launch moment,
i.e.,A = o. The probability of this eventis

Prob{A = o} = Prob{6 > o} =1 — Fs(o) (B2)
(assuming, as before, that Prob{§ = o} = 0). In this case,
PA = Po's QA = Qo‘ (B3)

2) A switched at least one additional time prior to the launch
moment, i.e., 0 <A < o. In this case, p,, the PDF of A in the
interval 0 < A < o, can be computed using a renewal process
analysis, e.g., as discussed in Ref. 17.

Taking the expectation of P, (noting that it is a function of the
random durationA4 ) yields

Py = [1— F5(0)1Ps[, bi ()] +/ Py, bi(&)]1ps (B)dp
0

- (B4)
A similar expression can be derived for O, .
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